We establish optimal lower bounds for the eigenvalues of the DiracWitten operator of compact (with or without boundary) spacelike hypersurfaces of a Lorentzian manifold, whose metric satisfies the Einstein field equations and whose energy momentum-tensor satisfies the dominant energy condition.
Introduction.
The well-known spinorial proof of the positive mass theorem given by E. Witten [W] is based on a subtle use of the Weitzenböck type formula for the hypersurface Dirac-type operator called the Dirac-Witten operator. The mass is given by the limit at infinity of some boundary integral term.
In the past two decades, lower bounds for the eigenvalues of the classical Dirac operator on closed Riemannian spin manifolds were intensively studied (see for example, [F, Hi1] ). Manifolds with minimal eigenvalues are characterized by the existence of solutions of some overdetermined systems as for Killing spinors.
More recently [HMZ] , under some natural boundary conditions, such results were extended to the case of Riemannian compact spin manifolds with boundary. Moreover, in [Z3, HZ] (see also [M] ) examined the corresponding questions to the Dirac-Witten operator when the ambient manifold is Riemmanian and spin.
In this paper, we consider compact (with or without boundary) spacelike hypersurfaces of an (n + 1)-dimensional Lorentzian manifold, whose metric satisfies the Einstein field equations and whose energy momentum-tensor satisfies the dominant energy condition. In [B] , Helga Baum showed that the spinor bundle of any spacelike hypersurface could be endowed with a positive definite Hermitian scalar product. In terms of this scalar product, we are able to prove a basic lower bound for the square of the eigenvalues of the Dirac-Witten operator in terms of the energy-momentum tensor of the ambient Lorentzian space (see inequality (5)). We then improve this result by introducing the spinorial energy-momentum tensor (see inequality (9)). The limiting-cases are also studied.
A generalized conformal Laplacian L is then defined (see (12)) on the spacelike hypersurface. With the help of a classical conformal argument, under the assumption of the existence of a positive eigenfunction of L in the set of regular conformal transformations, it is then shown that, up to a dimensional constant, the first eigenvalue of L is less than the first eigenvalues of the Dirac-Witten operator (see (13) and (14)).
In the last section, as in [HMZ] , the case of compact spacelike hypersurfaces with boundary is examined. Under some natural local boundary conditions (16), the previous results are then extended to (19), (21), (24) and (25) . As an application, we show that an eigenvalue lower bound of the Dirac-Witten operator provides a criterion on the nonexistence of black holes in general relativity (see Corollary 1).
The Dirac-Witten operator.
Let (N n,1 , g) be an (n + 1)-dimensional Lorentzian manifold, and g be a Lorentzian metric of signature (−1, 1, · · · , 1) which satisfies the Einstein field equations
where Ric, R are Ricci curvature tensor, scalar curvature of g respectively, and T is the energy-momentum tensor. Let (M, g ) be a spacelike spin hypersurface of N with the induced Riemannian metric g and timelike unit normal vector e 0 . We say that (N, g) satisfies the dominant energy condition if for each timelike vector e 0 , T (e 0 , e 0 ) ≥ 0 and T (e 0 , ·) is a non-spacelike covector. If M is a spacelike hypersurface with orthonormal basis {e α } and its dual basis {e α } such that e 0 is normal to M and {e i } is tangent to M , then the dominant energy condition implies that
Denote by S the (local) spinor bundle of N . Since M is spin, S exists globally over M . This spinor bundle S is called the hypersurface spinor bundle of M . If ∇ and ∇ denote respectively the Levi-Civita connections of g and g, the same symbols are used to denote their lift to the hypersurface spinor bundle.
According to [B] , there exists a Hermitian inner product ( , ) on S over M which is compatible with the spin connection ∇. For any covector X of N , and hypersurface spinors φ, ψ, we have
where "·" denotes the Clifford multiplication. Note that this inner product is not positive definite. Moreover, there exists on S over M a positive definite Hermitian inner product defined by
Obviously,
and for any covector X of M ,
Fix a point p ∈ M and an orthonormal basis {e α } of T p N with e 0 normal and e i tangent to M such that (∇ i e j ) p = 0 and (
are the components of the second fundamental form at p. We have
This fact implies that the spinor connection ∇ is compatible with the positive definite inner product , . Moreover,
with the inner product , except when h ij = 0, for all i, j. Its formal self-adjoint with respect to , is nothing but
The Dirac-Witten operator over M is defined by
This operator D is formally self-adjoint with respect to , and its square is given by the following Weitzenböck type formula
Here, and henceforth, the Einstein summation notation is used. For any real function u on N , consider the conformal metric g = e 2u g. Denote by G u the isometry between the associated SO n -principal bundles SO g N and SO g N . The isometry G u induces an isometry between the Spin n -principal bundles, Spin g N and Spin g N as well as an isometry between their hypersurface spinor bundles S and S (≡ G u S).
For any sections φ, ψ of the spinor bundle S, we denote by φ = G u φ, and ψ = G u ψ the corresponding sections of S. Then
and the Clifford multiplication on S is given by
Denote by M t the tubular neighborhood of M obtained by taking the parallel transport of e 0 . Note that the restriction of g to M gives rise to a conformal change of metric on M . Denote the regular conformal class of N by
With respect to the regular conformal class, if U is nonempty, similar to [HZ] , the conformal transformation of the Dirac-Witten operator is D e 
Proof : Define the one-form δ by δ := φ, e 0 · e i · φ e i . Obviously,
Moreover,
Now we have
So all the inequalities involved are in fact equalities. Q.E.D.
Hypersurfaces without boundary.
Now we estimate the lower bounds of nonzero eigenvalues of the DiracWitten operator for spacelike spin hypersurfaces (M, g ) without boundary. The Weitzenböck type formula (3) gives
Under the dominant energy condition (2), identity (4) and Lemma 1 imply that any nonzero eigenvalue of the Dirac-Witten operator of a compact spacelike spin hypersurface should satisfy
We now apply Friedrich's argument [F] to improve this lower bound. 
If λ 2 achieves equality in (5), then there exists a real function f such that
Proof : Define a modified spinor connection
Then for any spinorfield φ one has
which when substituted in (4), yields
This implies (5). If λ 2 achieves equality in (5), then
Taking the derivative once more, it follows
It is then sufficient to apply Lemma 1, from which we deduce (6). Q.E.D. Now we use the spinor energy-momentum tensor and some conformal arguments to estimate the nonzero eigenvalues of the Dirac operator [Hi1, Hi3] . For any spinorfield φ, define the associated spinor energy-momentum 2-tensor Q φ on the complement of its zero set by,
If φ is an eigenspinor of the Dirac-Witten operator D, the tensor Q φ is welldefined in the sense of distribution and its trace is the the corresponding eigenvalue.
Theorem 2. Under the same conditions as Theorem 1, if λ is a nonzero eigenvalue of the Dirac-Witten operator associated with an eigenspinor φ, then
where
achieves equality in (9), then there exists a real function f such that
Proof : Define a modified spinor connection ∇ Q by
If Dφ = λφ, then it is straightforward to see that
which together with (4), yield
This implies (9). If λ 2 achieves equality in (9), then
Second derivatives of the eigenspinor φ are then given by
Since e k and e i · e j · e 0 · (i = j) are anti-symmetric with respect to the inner product , , we deduce that
Again we apply Lemma 1 to deduce (10). Q.E.D.
Remark 1. By the Cauchy-Schwarz inequality we have
n Q φ 2 ≥ Tr Q φ 2 = λ 2 .
Hence (5) follows from (9).
Let , be the positive Laplace operators of N and M respectively. If g = e 2u g, then the corresponding Ricci and scalar curvatures are related by
If U is nonempty, take u ∈ U and let U > 0, with U 4 n−2 = e 2u , then over M , one has T 00 = R 00 − 1 2 R g 00 = T 00 + 2(n − 1) n − 2 U −1 U,
Define the generalized conformal Laplacian on M by 
